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We extend the study on the algebraic structure of the su(n) color Calogero- 
Sutherland models to the case of gl(n\m) color CS model and show that the gen- 
erators of the super- Yangian Y(gl(n\m)) can be obtained from two gl(n\m) loop 
algebras. Also, a super algebra for the SUSY CS model is constructed. 
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1 Introduction 



The Calogero-Sutherland (CS) models |], |2| are one-dimensional particle systems in which 
all particles interact through inverse square pairwise interactions. The systems are inte- 
grable in both classical and quantum cases and have many interesting properties(e.g. the 
particles have fractional statistics 0). 

There are various generalizations to the CS models. One of the examples is the su(n) 
color generalization in which particles have internal degrees of freedom with n possi- 
ble values PJ. The su(n) extension of the CS models is also integrable and has a new 
symmetry — Yangian Y(su(n))[[| For the su(n) CS system, K.Hikami and M. Wadati 
[0, H, § have made a distinction between the Calogero-type model and the Sutherland- 
type model and investigated in detail their integrability and algebraic structure. Hikami 
and Wadati found that the algebra, which is the underlying symmetry of the quantum 
integrable system with long-range interactions, unifies the Yangian in the Sutherland-type 
model and the loop algebras in the Calogero-type model and revealed that Yangian is a 
subalgebra of the deformed algebra. 



Recently, Yangians associated with the simple Lie superalgebras, which are called 
super- Yangians, have been studied [T(], [TTJ, |TJ, |TJ[. Based on the super- Yangian Y(gl(n\m)), 
a supersymmetric extension of su(n) color CS model is constructed and its integrability 



has been proved [12]. Now the question to be asked is whether the algebraic structure and 
some properties for su{n) CS model discussed by Hikami, Wadati and others still prevail 
in this supersymmetric extension. In this paper, we will make a study to the algebraic 
structure of the SUSY CS model. 



The paper is organized as follows. In section 2, the definition of the super- Yangian 
Y(gl(n\m)), the SUSY CS models, the Lax pairs for these models and some notations are 
given. We then study in section 3 the relations between the super- Yangian Y(gl(n\m)) 
for the SUSY Sutherland-type model and two non-commuting loop algebras of which one 
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is for the SUSY Calogero-type model. Moreover, we also derive a super algebra 
from the Lax operators for the SUSY Calogero-type model. Finally, some discussions and 
remarks are made in section 4. 



2 Supersymmetric Calogero-Sutherland Model and 
Super- Yangian Y(gl(n\m] 



We begin with the definition of the su(n) color Calogero-type and Sutherland-type models. 
Assume that there are N particles in these systems. Their positions are described by 
Xi(i = 1,---,N) and each particle carries a color degree of freedom labeled by index 
a, a = 1, • • • , n. The Hamiltonians for the su(n) color Calogero-type and Sutherland-type 
models are respectively defined as Q 

H c = \ E(d;) 2 + ~ Y,{PiAuij + ^ijUji), (2-1) 

b. = \ £(*A) S + 5 £«, + A > fa _/S —) ' (2 ' 2) 



where 



and Pjj is an permutation operator that interchanges the color degrees of freedom of the 
z-th and j'-th particles. We denote by Ef ,a,b = l,---,n, the matrices which act as 
| a >< b\ on the color degrees of freedom of the ith particle and leave the other particles 
untouched. It is then straightforward to check that 

n 

Pij = E E t E f- ( 2 - 4 ) 



a,b=l 



The matrix unit Ef can furnish a vector representation for the Lie algebra su(n). 

We extend the su(n) color CS models to the gl(n\m) case, that is, the particles in 
the systems now carry the graded color indices. Let V be an n + m dimensional Z2 



graded vector space and {v a , a = 1, • • • , n + m} be a homogeneous basis with grading 
being defined as follows 



p(a) = < 




1 



a — 1, • • • , n 

a — n + 1, • • • , n + m. 



(2.5) 



The graded matrix unit E ab is defined as 



E ab v c = 8 bc v a . 



(2.6) 



It is clear that we have a vector representation for the Lie superalgebra gl{n\m) given by 

E ab E cd} = ^ad _ (_!)^ o(i£ ;c 6) (2 ?) 

where r\ = (p(a) + p{b))(p(c) + p(d)) and the graded bracket is defined by 

~E ab ,E cd } = E ab E cd - (-l) r >E cd E ab . (2.8) 



If we consider N copies of the matrix units Ef b {i = 1, • • • , N) that act on the i-th space of 
the tensor product of graded vector spaces V± <g) • • • (8) Vn with Vi = V, then we can show 
that the permutation operator defined as 

n+m 



ba 



p i] = E (-l) m Ef E) 

a,b=l 

exchanges the basis vectors Vi,Vj of i,j spaces and has the following properties 



(2.9) 



P = P 



P P = 1 



and 



P P p p 

ij jk 1 ik 1 ij ■ 



(2.10) 



As before, we consider the one-dimensional system with N identical particles. Xi{i = 
1,---,N) and index a denote respectively the positions and the color degrees of free- 
dom of the particles, but now a is Z 2 graded as defined in eq.(2.5) and takes values 
a = 1, • • • , n + m. If we replace Pij in eqs. (2.1) and (2.2) by that defined in eq.(2.9), then 
we get two Hamiltonians that govern the dynamics of the systems with graded internal 
degrees of freedom. In this sense, we call the models described by H s and H c SUSY 
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Sutherland-type and SUSY Calogero-type models, respectively, similar to what discussed 
in Ref.0. 



The SUSY CS models are integrable. To prove the integrability of the systems, we 
may either directly construct the integrals of motion or find a Lax pair. In the former, 
the system is integrable if the integrals of motion commute among themselves and also 
commute with the Hamiltonian of the system; while in the latter, the model is integrable 
if two matrices and My with operator entries obey 

[H, Lij] = Y.(L lk M kj - M ik L k3 ). (2.11) 



In Ref. [0, the integrability of the SUSY Sutherland- type model is guaranteed through 
the construction of the conserved quantities. Here we prove the integrability of SUSY CS 
models by giving the Lax pairs. For the SUSY Sutherland-type model, the Lax pair is 
given by 

d 1 

Lij = ^fa — + 3) + A ( X ~ S ij) d ij P i3i ( 2 - 12 ) 

Mij = — 5ijX^2 ik 0kiPik + A(l — 5ij)9ij9jiPij] (2-13) 

k^i 

While for the SUSY Calogero-type model, a possible choice is as follows: 



d 

Ly = 5ij— + A(l - dij^ijPy. (2.14) 



= -5ijX^2u ik uj k iPi k + A(l - 5ij)uijUjjiPij. (2.15) 

k^i 

M^ in eq.(2.13) and eq.(2.15) satisfies conditions: 



The SUSY Sutherland-type model possesses the super- Yangian Y(g/(n|m))|L2[]. Let 



{T® ,p > , a, b = 1, • • • , n + m} be the generators of the super- Yangian Y(gl(n\m)), 



then satisfies the following relations | 



P 



rj, [i|,[Ti 



rpcd \ 



pab 
-8+1 ' 



T cd | = \ (_ l)(P( c )P( a )+P( c )P( 6 )+P( 6 )P( a )) (^pcbrpad 



rpcbrpad 

s p 



(2.17) 



for s,p > — 1, where T®\ = X 1 15 a b- It is easy to check that only Tf ,T® b are the basic 
operators, while all other T°; b (p > 1) are defined recursively from Tq^T" 6 [13]. Therefore, 



we need to know the action of operators Tf ,T^ b on the corresponding configuration 
space of the system in order to prove that SUSY Sutherland-type model has symmetry 
Y(gl(n\m)). The action of the operators Tf, Tf' on the configuration space of the system 
is of the following form: 

N 

If = (2.18) 

i=\ 
N 

I? = £ E?L iv (2.19) 

where L^- is given by eq. (2.12). In addition, we also find that 

T p ab = Y,E?(L% p>0 (2.20) 

satisfies the relation (2.17). It is straightforward to prove that generators Tf, are 
conserved operators for the SUSY Sutherland-type model, that is, 

[Tf,H s ] = [T 1 ab ,H s ] = 0. (2.21) 



The SUSY Calogero-type model is a rational limit of the the SUSY Sutherland-type 



model [0. It only has gl(n\m) loop algebra symmetry which we will discuss in the next 
section. 



3 The Algebraic Structure of the SUSY 
Calogero-Sutherland Model 

In this section, we first discuss the defining relations of Y(gl(n\m)) in terms of the action 
of Tq & , T® b on the configuration space of SUSY Sutherland- type model, then we study the 
loop algebra structure of the SUSY Calogero-type model and its relation with Y(gl(n\m)). 
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In the second part of this section, a super algebra constructed from the Lax operator 
for the SUSY Calogero-type model is derived. 

From the section 2, we know that the SUSY Sutherland-type model possesses the 
super- Yangian Y(gl(n\m)) generated by operators To 6 , Tf 6 in eqs. (2.18) and (2.19). 
Using eq.(2.7), it can be shown that operators TQ b ,T? b satisfy the following relations 

[T£\ T crf } = S bc T ad - (-l)^ a T cb (3.1) 
[T a6 , Tf} = 5 bc T? d - (-iy5 da T?, (3.2) 
[Tf, Tf} = 5 bc Tf - {-lf5 da T? - A(-l) /3 (T ad T 1 cb - T?% b ) , (3.3) 

where f3 = p(b)p(c) + p(c)p(d) + p(b)p(d) and T 2 a6 can be written explicitly as 

(3.4) 

Here we apply the conventional notations, (E i E j ) ab = E"=r(- 1 ) p(c ' ] E* c Ef ', [E i E i E ) 



k, 



\ab 



J2c4=i(- 1 ) p{c)+p{d)E i CE j dE k b - We can also obtain the following Serre-like relation for 
operators T£ b ,Tf 

[T ab , [Tf, Tf}} - [Tf , [T crf , Tf}} = X(5 bc Of f - 5 de O? f + (-1)%0£ 
+ {-lf8 be O cd - (-1)^05 - (-iyS af Of b ), (3.5) 

with 5 = (p(c) +p(d))(p(e) +p(/)), 7 = (p(a) + p(b))(p(c) + p(d) + p(e) + p(f)) and Of d 
being defined as 

O ab d = -(-lf(Tg d Tf - TfT° h ). (3.6) 
The eqs.(3.1)-(3.3) and eq.(3.5) are the defining relations for the super- Yangian Y(gl(n\m)). 

For the SUSY Calogero-type model (2.1), we introduce two operators: 

J<f = T a6 , (3.7) 

jf^Efly, (3.8) 
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where 

d 

hi = hi + -M 1 - SijjuJijPij. (3.9) 

is a Lax operator given in eq.(2.14), here we use another notation ijj for L^. It is easy to 
check that Jf, Jf satisfy the following commutation relations 

[jf, Jf} = 5 bc jf - {-\y5 da Jt\ (3.10) 
[Jf, Jf} = S bc Jf - (-l)"<Jrf, (3.11) 
[JS\ [J?, Jf}} - [Ji\ Jf}} = 0, (3.12) 



where 



In general, we have 



J? = J2E?(I%. (3.13) 



jf = ^Ef(I% (p>0), (3.14) 



[jf , j p crf } = <w;i - (-1)"^ jf +p . (3.i5) 

The eq.(3.12) is the Serre relation for the gl(n\m) loop algebra. We can show that Jf are 
conserved operators for the SUSY Calogero-type model, that is, the SUSY Calogero-type 
model has the gl(n\m) loop algebra symmetry. Futhermore, there is another representa- 
tion of the gl{n\m) loop algebra with the generators Kf being defined by 

N 

K; b = Y,E?xl (p>0), (3.16) 

i=i 

and having the relations 

[Kf, Kf} = 5 bc Kf +p - (-iy5 da K? +p , (3.17) 
[Kf, [Kf, K{ f }} - [Kf, [Kf, Kf}} = 0. (3.18) 

The Kf, Kf are the two basic operators with the following forms, respectively 

Kf = Jf, (3.19) 
Kf = Y J Efx l . (3.20) 



We consider now the algebras constructed from the elements { J^ b , Jf, Kf}. Just 
as in the non-graded case[|7], |I3fl , the super- Yangian Y(gl(n\m)) appears by unifying two 
gl(n\m) loop algebras { J ab , Jf] and {K* b , Kf}, that is to say, Tf can be obtained from 
the commutators between two sets of generators {Jf, Jf} and {Kf , Kf}: 

[jf, Kf} + [Kf, jf} - \[jf, Jf} + 

+X[jf, ( J J ) cd } = 2{8 bc Tf - (-iy8 da Tf). (3.21) 

In this sense, the algebra generated by {Jf, Jf,Kf} is a larger algebra including both 
super- Yangian Y(gl(n\m)) and two loop algebras. In addition, we have two extra Serre- 
like relations: 

[jf, [j? + if, jf + n f }} - [j? + if, [j cd , jf + n f }} = \{s bc M$ - s de M? f 

+{-l) s 6 cf M? d + {-lf5 be Mf f - {-lf5 ad Mf f - (-lySafMg), (3.22) 
[jf, [Kf + Tf, Kf + Tf}} - [Kf + Tf, [Jf, Kf + Tf}} = \(5 bc N a e f - 5 de Nf f 
+(-l)'M# + (-1)'^^ - (-l) r, Sa d N? f - (-lf5 af N%), (3.23) 

where 

Mf d = {-lf[Y,EfEf{{ Xl + 1) A - (x, + 1) A) + A Y,'^r(E lE3 ) ad Et 

1 J ijk 1 J 

_ A V ,^l±J-Ef(E,E k ) cb ] + \y Xi + X i + 2 EfE? (3.24) 

ijk X 3 x k if Lj X t Xj 

Nf d = (-m^EfEfi^ - A + Xi _ Xj) + \y (EiEj) ad Ef 
ijtj ux i ux j ijk Xi x j 

-A Y I Ef{E 1 E k ) cb ] + \y — - — EfEf (3.25) 

and Yl, 1 means that any two summation indices do not coincide. The Serre-like relations 
(3. 5), (3. 22) and (3.23) may be written in a more compact form. To do this, we define the 
operator Qf(x,y) to be of the following form: 

Qf(x, y) = Tf + x Jf + y Kf, (3.26) 



where x and y are two complex number. Using the operator Qi b (x, y), we get the following 
relation 

[JS\ [Ql d (x,y),Qt f (x,y)}} - [Qf(x,y), [J cd , Q e /(x, y)}} = 

= X(5 bc P:f(x, y) - 5 de P$(x, y) + (-l) s 8 cf P^(x, y) + {-lf5 be Pf f {x, y) 

-(-lT5 ad P$(x,y) - (-iy8 af P£(x, y )), (3.27) 

where 

y) = o? d + x{(-l)^\£ EfEf{^- - A) 
ijkj ux l ux j 

+A £ ,-J—(E i E j )'«E* - A £ ,-^—E?{E j E k r\ + £ -±—E?Ef} 

ijk x » x i ijk x j Xk i^j Xl x i 

+y{-lfY.EfEf{x t -x ] ). (3.28) 

From eq.(3.27), we see that generators Q1 b (x,y) also form a representation of the super- 
Yangian Y(gl(n\m)) for any x and y. Therefore, we can get a family of super- Yangian 
subalgebras from generators Qi b (x,y), all these subalgebras have a common deformation 
parameter A. 

Using the generators J^ b and K^, we can also construct another algebra. We introduce 
two set of operators as 

H S) = ^7^E^<~A ( 3 - 29 ) 

Ql s)ab = E Q fe 1)a6 ]' s = 2 ' 3 ' • • • ( 3 - 3 °) 

where = J p = J2ij(I p )ij, Q ( p )ab = Jf- H^ s) and Q{f )ab can be considered to have 

conformal spin s. We can write and Q^ ab explicitly as 

H s) = os-u^A E*. ? . [• • • . E*?. -Wa] ■••]] = E(-^) s_1 (^) p+s_1 + • • • > 

S v ' 

(3.31) 

Q? )afe = y-ifr + ^ E [• • • > E *?> * 2s - 2 ] •••]] = E ^(-^r^r^- • • , 

^ ^ — » — ^ j 

s-1 

(3.32) 
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where (p) s denotes 

(p) s =p(p+l)---(p + s-l), (3.33) 

and (■ • ■) represents the lower order terms of d x . and is not necessarily zero in the limit 
A — > 0. Similar to the proofs by Hikami and Wadati @, we can show that and Q < £' ab 
satisfy the following commutation relations: 

[>*«, Wf)] = ((s - l)q - (s' - l)p)W^ 2) + ■ • • , (3.34) 

[WW, Q<>> 6 ] = ((a - l)g - - l)p)Q { p s : q S '~ 2) + ■■■, (3-35) 

[Ql s)ab , Q^ cd } = (S bc Q { p s ^'- 1)ad - (-lySadQp+q'' 1 ^) + • • • , (3.36) 

where (• • ■) includes lower spin operators. Eq.(3.34) shows that the operators con- 
stitute the quantum algebra as in the CS models@. However, eqs.(3.35) and (3.36) 
indicate that algebra generated by operators W^ s ' and Q^ ab is a kind of super alge- 



bra with color 15 . 



In the case of A — > 0, if we define a operator which is of the following form 

N 

Q (s)ab = £ £0*^-1(0^-1^ ( 3.3 7) 
i=l 

that is we only consider the first term of Q^ ab in eq.(3.32) up to a constant factor, then 
it is easy to show that Q^ ab satisfy the commutation relations: 

ln (s)ab n (s')cd X _ r P \T 1 (p + S - l)\(s' - 1)\ n (s+s'-l-k)ad 

* ~ to k\{p + s-k-l)\{s'-k-l)\^ p+tl 



q+ 4^ 1 (g + S' - - 1)! (s+s'-l~k)cb 

k ^ Q k\(q + s' - k - l)\(s - k - 1)\ p+q 



(3.38) 

It can be seen that the algebra generated by Q^ ab in eq.(3.37) is a kind of super W x 



algebra without central terms [TH . 
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4 Remarks and Discussions 

In this paper, we have discussed the algebraic structure of the SUSY CS models. We 
know that SUSY CS models have super- Yangian Y(gl(n\m)) symmetry, and we give the 
realization of Y(gl(n\m)) and its relations with two gl(n\m) loop algebras . Also, a super 
Wee algebra realized in terms of generators and Q^ ab is shown. Compared with 
the CS models, there also exists a lager symmetry generated by two loop algebras for the 
SUSY CS models. But, there are three points to be remarked. Firstly, the operator 
(eq.(2.14)) is different from the one for the Sutherland- type model in Ref. JF] |14|, so that 
the right hand sides of the Serre-like relations (3.22) and (3.23) are nonzero. Secondly, 
in the right hand side of eq.(3.27), there is a x, y dependence which is absent in the non- 
graded CS models]?], [14]]. Thirdly, the algebra is graded with respect to the color 
indices a, b. 

Because of the above similarity between SUSY CS models and the CS models, we 
can, in the same way as done in Refs.[]7|, ||, discuss the problem of energy spectrum and 
the symmetry of the system confined in a harmonic potential. But, we don't here make 
further study on these problems. 
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